It is shown that surface waves propagating against the external current, slowly varying in the horizontal direction in deep water, are governed by the equation which is tantamount to the Gross-Pitaevskii equation modelling the mean-field dynamics of Bose-Einstein condensate. The repulsive or attractive sign of the cubic term in the Gross-Pitaevskii equation is controlled by the choice of the carrier wavelength of the surface waves, while the spatial variation of the current plays the role of the external potential in that equation. The current profile can be easily controlled in the experiments by small variation of the bottom profile, so that the corresponding effective potential in the Gross-Pitaevskii equation can be made in the form of a well or hump. It is shown that the phenomenon of the Bose-Einstein condensation can be effectively emulated in relatively simple laboratory setups for water waves. Generating perturbations with an appropriate carrier wavelength, one can create patterns in the form of trapped waves which correspond to pinned states of Gross-Pitaevskii equation with local potentials. The estimates demonstrate that the parameters of bottom profile, background current, and surface waves are quite accessible to laboratory experiments.
I. Introduction
The Bose-Einstein condensation (BEC) has drawn a great deal of attention in course of the last two decades. The condensate effect was experimentally demonstrated in various media, including ultracold atomic and exciton-polariton gases, etc. (see, e.g., Refs. [1] [2] [3] [4] and references therein. The use of particular external potentials is a necessary ingredient of these experiments, which are run in sophisticated apparatuses. On the other hand, many dynamical matter-wave regimes characteristic to BEC may be emulated, using simpler equipment, in water-wave tanks.
To promote this possibility, in the present work we demonstrate that the basic mean-field BEC model, known as the Gross-Pitaevskii (GP) equation, can be derived for surface water waves in a tank with a spatially varying current. Depending on the wavenumber of the carrier wave, the effective GP equation for the surface waves can be made equivalent to the GP equation with both attractive and repulsive inter-atomic interactions in BEC. External potentials in the GP equation for water waves can be easily emulated in the water tank with an uneven bottom, featuring wells or humps. Particular exact solutions of the effective GP equation are reported here, and estimates for their realization in the water tank are given.
Derivation of the effective Gross-Pitaevskii equations for waves on the surface of moving
water Following Ref. [5] , we consider water-wave propagation on top of a smoothly varying current along the x-axis, with flow velocity U(x) = U0 + U1(x) including a constant mean value U0 and a small variable component U1(x), with max[|U1(x)|]/U0 << 1 (as shown below, the latter term may be induced by a bottom profile of the tank). For a counter-current propagating sinusoudal wave of a small but finite amplitude A, with frequency  and wavenumber k, the dispersion relation for deep water in the laboratory reference frame is [5] :
where g is the gravity acceleration, T =  / g,  is the surface tension,  the water density, and only the term ~  2 with respect to the wave steepnes,  = Ak, is retained in the respective expression for the Stokes' correction to the wave frequency (see, e.g., Refs. [6, 7] ). It is assumed that spatial scale L of the variation of the external current is much greater than the wavelength  = 2 /k, which makes it meaningful to consider the x-dependent frequency in Eq. (2.1). Figure 1 schematically illustrates the respective configuration of the flow and counter-current propagating wave packet. [8, 9, 5] ): 2  2  2 4  2  2  00  0  0  32  2  2  2  0  0  0   1 3  12  13 ,, (1/ 2) gk is the group velocity of a purely gravity wave with the wavenumber k0 on still water, and
(2.3) (recall that is the small wave steepness).
The evolution equation in the (x, t)-space corresponding to dispersion relation (2.2) can be easily restored by replacing  -0  i /t and kk 0  -i /x [10, 11, 5] . Thus we obtain the equation for a slowly varying in space and time complex amplitude of a wave train:
where the group velocity of gravity-capillary waves propagating on top of a current is: A similar equation was derived in Ref. [12] for purely gravity waves (the rigorous derivation of such equation with the help of the asymptotic expansion method can be found in Rev. [5] ).
If we choose for the counter-current propagating wave the speed of the underlying current such that Vg = 0, i.e. U0 = cg (1 + 3Tk0 2 )/(1 + Tk0 2 ) 1/2 , then we obtain the standard Gross-
where U1(x) plays a role of the external potential, which is shaped as a well, with U1(x) < 0, and as a hump, with U1(x) > 0.
Equation ( the Lighthill criterion [7, 9] , the stability occurs at  < 0, and the instability takes place at  > 0. The analysis of coefficients  and  shows [8, 9] , both  and  are negative, hence the cnoidal waves are again modulationally unstable. The critical wavenumbers, at which coefficients  and  change their signs for clean water at temperature 25C are, respectively, k1 = 1.452 cm -1 (1 = 4.33 cm) and k2 = 2.61 cm -1 (1 = 2.41 cm). Note that the group velocity in still water, Vg(k, 0), attains a minimum at the former critical point k1 [7] . At both critical points k1,2, Eq. (2.7) should be replaced with a more complex equation [5] (we do not consider such degenerate cases in detail here. Figure 2 shows the intervals of wavenumbers where the modulational stability and instability occur. At  → 0, the well takes the shape of an inverted bell, whose width increases as , is attained at   0.821. All such shapes can be readily designed in the experimental setup.
Due to the conservation of the mass flux through any cross-section, the variation of the depth causes the variation of the speed, therefore, above the bottom well, the current varies as follows:
where F << 1 is assumed, hence the effective potential in Eq. (2.7) is:
(3.5)
To realize the dynamical regime corresponding to the GP equation with the self-attraction, we chose a surface mode with wavelength 0 = 3 cm (k0 = 2 /0 = 2.1 cm -1 ) and amplitude A  1 mm, hence the corresponding wave steepness,  = Ak0 = 0.21, may be considered as a small parameter. For such a wave, even in a relatively shallow section of the tank we have k0h0 = 135 >> 1, which means that the deep-water case realizes. The absolute value of the group velocity of such a wave in the absence of the underlying current is Vg(k0, 0) = 18.5 cm/s, whereas the minimal group velocity for given parameters is Vmin = -0.79 cm/s, see Fig. 3b . An obviously interesting possibility is to observe a "standing water soliton", i.e., to bring the wavetrain, travelling counter-current, to a halt in the laboratory frame. To this end, we set   s -1 . As has been shown in Ref. [13] , the GP equation with the potential given by Eq. 
where  = 2 F k0U0/3 is a nonlinear correction to the wave frequency 0, and the amplitude of the localized state is
The total norm of this solution (which gives a scaled number of atoms in the application to BEC) is:
The normalized squared absolute value of solution (3.6), corresponding to the local density of atoms in BEC, along with the normalized potential, U1(x)/(U0F), are shown in Fig. 4 for several values of free parameter . As demonstrated in Ref. [13] , this exact solution is actually the 8 ground state of the GP equation with the repulsive nonlinearity and potential well (3.5) , hence this solution is definitely stable. It has been shown in Ref. [13] that there are many other exact stable solutions of the GP equation with the corresponding potentials, which can be easily realized in the water tank. where  and B > 1 are free parameters, which control the depth and width of the cavity, and F is a function of , to be specified below. The maximal variation of well's depth is:
An example of exact solution of the effective Gross-Pitaevskii equation in the modulationally unstable case
where it is assumed that second term in the square brackets is small in comparison with 1.
To consider the effective GP equation with the self-attraction, i.e., modulational instability of the surface wave, we choose it with wavelength 0 = 6.4 cm (k0 = 2 /0 = 0.985 cm -1 ) and amplitude A  3.24 mm, so that the wave steepness  = Ak0  0.32 may again be treated as a small parameter. For such a wave, even in a relatively shallow section of the tank we have k0h0 = 44.33 >> 1, which means that the deep-water approximation remains valid. The group velocity of such a wave in the absence of the underlying current is the same as in the previous example, viz., Vg(k0, 0) = 18.5 cm/s, see Fig. 3(b) . To bring a counter-current traveling wavetrain to a halt in the laboratory frame (as done above, to produce a "standing water hump") we again set U0 = The stability of this solution was verified in Ref. [13] . The profile of its squared absolute value, corresponding to the local density of atoms in BEC, along with the respective normalized potential, U1(x)/(U0b), are shown in Fig. 5 for dimensionless parameter B = 2.5 and  = 25 cm.
Thus, we see that the surface gravity wave with the carrier wavelength 0 = 6.4 cm can be In the case of purely gravity waves, when the GP equation has the attractive nonlinearity, many other exact solutions with the corresponding potentials are available [13] ; they can be relatively easy realized in the water tank, using the surface waves with  > 4.3 cm.
Conclusion
In this paper we have shown that surface waves propagating against the external current, slowly Lastly, we note that, formally speaking, in addition to what is elaborated above, the GP equation can be also implemented in the domain 3 in Fig. 4 for purely capillary waves with  < 2.4 cm. However, for such short waves water viscosity becomes important, which would complicate the comparison between the theoretical results predicted by the GP equation and observations.
